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Abstract

In this paper we present a theory for porous elastic shells using the model of Cosserat surfaces. We employ the Nunz-
iato—Cowin theory of elastic materials with voids and introduce two scalar fields to describe the porosity of the shell:
one field characterizes the volume fraction variations along the middle surface, while the other accounts for the changes
in volume fraction along the shell thickness. Starting from the basic principles, we first deduce the equations of the non-
linear theory of Cosserat shells with voids. Then, in the context of the linear theory, we prove the uniqueness of solution
for the boundary initial value problem. In the case of an isotropic and homogeneous material, we determine the con-
stitutive coefficients for Cosserat shells, by comparison with the results derived from the three-dimensional theory of
elastic media with voids. To this aim, we solve two elastostatic problems concerning rectangular plates with voids:
the pure bending problem and the extensional deformation under hydrostatic pressure.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In this paper, we employ the Nunziato—Cowin theory for elastic materials with voids in order to describe
the mechanical behavior of porous shells. For this purpose, we consider thin elastic shells modeled as Coss-
erat surfaces.

Nunziato and Cowin (1979) and Cowin and Nunziato (1983) have elaborated a theory for the treatment
of porous solids in which the matrix material is elastic and the interstices are void of material. This theory is
aimed to describe the behavior of geological and manufactured porous bodies, as well as granular materi-
als. Thus, using an idea first presented by Goodman and Cowin (1972), the bulk density of the porous body

" Tel.: +40 232 201226; fax: +40 232 201160.
E-mail address: bmircea@uaic.ro

0020-7683/$ - see front matter © 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/].ijsolstr.2005.05.028


mailto:bmircea@uaic.ro

M. Birsan | International Journal of Solids and Structures 43 (2006) 3106-3123 3107

p is written as the product of two fields: the matrix material density field y and the volume fraction field v,
1.€.,

p=7y (0<v<l).

In this way, the volume fraction field represents a kinematical variable assigned to each material particle.
The interpretation of this field from the theory of media with microstructure viewpoint was given by Capriz
and Podio-Guidugli (1981) and Capriz (1989). The Nunziato—-Cowin theory has been used in many works
to investigate the behavior of deformable porous bodies (see, e.g., Puri and Cowin, 1985; Ciarletta and
Iesan, 1993; Birsan, 2003a).

Our approach to the theory of elastic shells is based on the theory of Cosserat surfaces. This theory uti-
lizes a two-dimensional model for the shell, consisting in a surface together with a deformable vector (called
director) assigned to every point. The foundations of the theory of Cosserat surfaces are discussed in the
work of Naghdi (1972), where a comparison with classical theories of shells is also presented. A modern
approach to the theory of Cosserat shells and several of its applications can be found in the books of
Antman (1995) and Rubin (2000).

A theory for Cosserat shells with voids was first presented by Birsan (2000a,b) and was employed re-
cently to determine the solution of Saint-Venant’s problem for porous cylindrical shells (see Birsan,
2005). This theory accounts for the variations of the volume fraction field along the middle surface of
the shell, but not for the changes in porosity along the shell thickness. The main purpose of the present
paper is to establish a theory of Cosserat shells with voids which allows, in addition, for the characteriza-
tion of the volume fraction variations along the thickness of the shell. To this aim, we introduce two volume
fraction fields associated to every point of the Cosserat shell: one field describes the changes in porosity
along the middle surface, while the other takes account of the porosity variations along the thickness of
the shell. The former can be interpreted as the average volume fraction through the thickness of the
three-dimensional shell, while the latter represents the average (through-the-thickness) volume fraction
gradient.

We begin our study by presenting the basic principles and deducing the governing equations for the non-
linear theory of Cosserat shells with voids. In Section 3, we confine our attention to the linear theory. In this
context, we formulate the boundary initial value problem and we prove the uniqueness of its solution, with-
out any definiteness assumptions on the internal energy of the shell. In Section 4, we deduce the constitutive
equations for Cosserat shells and plates made from isotropic and homogeneous materials with voids. Then,
we remark the uncoupling between the equations governing the extensional motions and the bending defor-
mations of plates with voids. We show that the same equations for plates can be derived starting from the
three-dimensional theory of elastic media with voids. Thus, the bending equations for plates with voids (ob-
tained here by direct approach) have been studied previously in the context of the theory of Mindlin-type
plates by Scarpetta (2002) and Birsan (2003b, in press). In Section 5, we identify the constitutive coefficients
for isotropic Cosserat shells, by comparison of certain simple solutions with corresponding exact solutions
in the three-dimensional theory of elastic materials with voids. In this order, we consider two elastostatic
problems: the pure bending of a rectangular plate and the extensional deformation of a plate under hydro-
static pressure.

2. Principles and governing equations

We begin this section by summarizing the main kinematics for the theory of Cosserat shells. Then, we
postulate the basic principles and we derive the field equations that govern the mechanics of elastic shells
with voids.
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By definition, a Cosserat shell is a body ¥ comprising a two-dimensional surface embedded in a Euclid-
ean 3-space and a single director (that is, deformable vector) attached to every point of the surface. We refer
to the monograph of Naghdi (1972) for a detailed analysis of this model.

We consider a Cosserat surface @ which particles are identified by the curvilinear material coordinates 6*
(2 =1,2) and we denote by ¥, and . the surface of % in the reference configuration and in the present
configuration at time ¢, respectively. Let r and d designate, respectively, the position vector of a typical
point of .¥ relative to a fixed origin and the director at r. Then, a motion of the Cosserat shell is defined
by

r=r(0"1), d=d(01), (2.1)
and we assume that d is nowhere tangent to ..

We denote by a,(6% ¢) the covariant base vectors along the 0*-curves on &, by a3(6% ¢) the unit normal to
&, and by a,z and b, the first and the second fundamental forms of the surface &, respectively. We have
_Or o — a) X ap
_6017 3_|a1><a2|’
where the comma preceding a subscript denotes partial differentiation with respect to the corresponding
coordinate. We also employ the notations

d,‘ =d- a;, /"Lm = dift - a;. (23)

a, (ar,ar,d) >0, ayp = Ay - ag, by =az-a,g, (2.2)

Throughout this paper, Latin indices take the values {1,2,3}, while Greek indices are confined to the range
{1,2}. The usual summation convention is also used.

We identify the reference surface %y with the initial surface and we designate by R = R(6”) the position
vector, D = D(6%) the reference director at R, and let A, and A5 be, respectively, the base vectors along the
0*-curves on &, and the unit normal to .%,. Then

OR A] X Az
A = 55 A3_|A1 X Ay|’ Aup = Au A, (2.4)

B,g = A3 - Ay, D;=D- A, Ay =D, - A,
We define the relative kinematic measures by

eup = 3(ay — Aup), v, = d; — D, Wiy = Aiy — iy (2.5)
The velocity and the director velocity vectors are given by

o ow=d, (2.6)

y=r

where a superposed dot stands for the material derivative with respect to ¢, holding 6* fixed.

In order to describe the porosity of a Cosserat shell with voids, we consider two independent scalar fields
v(0% 1) and (0%, 1) called the volume fraction fields (0 < v < 1). We mention that, in the previous approaches
of the theory of Cosserat shells with voids (see Birsan, 2000a, 2005), only one porosity field has been admit-
ted, corresponding to v(6%,¢), which permits for the characterization of the changes in volume fraction
along the middle surface of the three-dimensional shell. In this paper, we introduce an additional porosity
field, namely y(0%,¢), which will give us information about the volume fraction variations along the shell
thickness. The significance of these two porosity fields will be clarified in Section 4.

The kinetic energy per unit mass of % in the present configuration has the expression

T=Lv-v+aw w+wui’ + i), (2.7

where p = p(0%,1) is the mass per unit area of % and the inertia coefficients a, k1, x, are prescribed functions
of 6* and independent of ¢. Let € = €(0%,¢) be the internal energy measured per unit mass of .&.
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We now postulate the basic principles which are assumed to hold for each part 2 of % and for every
motion of the Cosserat shell with voids.
The mass conservation principle is given by

%/j}pda: 0. (2.8)

Balance of energy is stated in the form

%/p(T—Fe)da: / o(f -v+l-w+p\'1+Pj()da+/ (N-v+M-w+hv+Hy)ds. (2.9)
2 7 o7

Here, N = N(0%,t;n) is the force vector and M = M(0%,t;n) is the director force vector (also called director
couple) at the curve 02, n = n,a” is the outward unit normal to 02 tangent to ., while f= f6",¢) and
[=[(6°,1) stand for the assigned force and the assigned director force vectors, respectively (see Naghdi,
1972; Green and Naghdi, 1979). The scalar fields p = p(6*, ) and P = P(0%,¢) are the assigned equilibrated
body forces, while 4 = h(6*, t;n) and H = H(6% t;n) are the equilibrated stresses acting on the curve 02.

Principle of director momentum has the form

d / pawdo = /(pl —m)do+ | Mads, (2.10)
dr Jy » oz

where m is the internal director force vector.
Balance of equilibrated force (see Nunziato and Cowin, 1979; Goodman and Cowin, 1972) is assumed in
the form

d prcl\'lda:/(ppfg)da+/ hds, E/psz(dG:/(ppr)dGJr Hds, (2.11)
dr J» ? % dr J, ? o2

where the scalar fields g and G stand for the internal equilibrated body forces.

We also assume that the invariance conditions under superposed rigid body motions hold, i.e., we re-
quire that all the above fields be objective. Using the same procedure as Naghdi (1972), from the balance
of energy (2.9) and the invariance conditions under superposed rigid body motions we obtain the principle
of momentum and the principle of moment of momentum, respectively, as follows:

S/pvda:/,of do + Nds (2.12)
dr J» » o7
and
i/p(rxv—&—&cdxw)da:/p(r><f—f—d><l)da—&—/ (rx N+dx M)ds. (2.13)
dr J» 2 o

Under suitable continuity assumptions, from Egs. (2.10)—(2.12) we obtain that the fields N, M, h and H
can be expressed as

N=Nn,,  M=M",  h=hn, H=Hn, (2.14)

Then, the local field equations corresponding to the above principles are

e equation of mass conservation

p+pa-v,=0; (2.15)
e equation of momentum

N, + pf = p¥; (2.16)
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e equation of director momentum

M\, —m+ pl = paw: (2.17)
e cquation of moment of momentum

a, X N*+dxm+d,x M =0, (2.18)
e cquations of equilibrated force

n\,—g+pp=prxiV,  H, —G+pP=pKj; (2.19)
e balance of energy

pe=N"-v,+M" -w,+m-w+gv+Gy+hv,+H,. (2.20)
In the above equations the subscript vertical bar stands for covariant differentiation with respect to the met-
ric tensor a,pg.

In what follows, we present the constitutive equations for Cosserat shells with voids and we deduce the

restrictions imposed on these equations by the balance of energy relation (2.20), using the procedure de-

scribed by Naghdi (1972, Section 14p).
We assume that the variables

67 N\’x7 M\,X’ m’ g7 G7 h‘x7 H“
are functions of the set
a,, d7 d,}'a VaXs VB X[}

and, in addition, depend also on the particle 6*. o
Then, the energy equation (2.20) is identically satisfied for all arbitrary values of a,, d, d ,, v, 7, v g and j 4
provided we have

€= %(aa,d, df,w Vs Xo Vs X g5 9#)7
0¢€ 0¢€ 0¢

* = Ma = — = e
N =raa Paa, "o (2.21)
o o o o
= —_— o = = e HO( = .
g=r3, W =p B, oy p o,

The constitutive equations (2.21) can be further restricted by imposing the invariance conditions under
superposed rigid body motions. Thus, using the same method as Naghdi (1972, Section 13), we can write
the constitutive relations (2.21);_4 in an alternative form, expressed in terms of tensor components.

To recapitulate, the governing equations of the nonlinear theory of Cosserat shells with voids are the
mass conservation equation (2.15), the equations of motion (2.16)—(2.18), the equations of equilibrated
force (2.19) and the constitutive equations (2.21).

We remark that Eqgs. (2.15)—(2.18) have the same form as the mass conservation equation and the equa-
tions of motion from the theory of Cosserat shells (without voids). These equations can be written with the
help of tensor components, as presented by Naghdi (1972).

3. Linear theory

In this section, we deduce the equations of the linear theory of Cosserat shells with voids. Then, we for-
mulate the boundary initial value problem and we prove the uniqueness of solution.
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In the linear theory, we assume that
r=R+u, d=D+9, v =1+ o, 1=+ (3.1)
and
u=cu =u'Ad; =uA, 0=280 =0'A; =04, 0 =cq, v=ze), (3.2)

where ¢ is a small non-dimensional parameter. In (3.1), vy and y, represent the values of the volume fraction
fields v and y in the reference configuration.

Let us confine our attention hereafter to Cosserat shells of uniform thickness. This case is characterized
by the relation

D=4 (3.3)

We also assume that v, is constant and y, = 0.
Following the classical linearization procedure (see, e.g., Naghdi, 1972; Green and Naghdi, 1979) we ob-

tain the expressions for the kinematic measures defined in (2.5) in the forms
eup = 3(up +upa) = Bapus, 9, =0y +usa + Bjuy, 73 =05, (3.4)
Upx = Opy — Bupds — Biuyp + Bl Bgus, s, = 034 + BLS, + Blus, + Bl Bju,. '

In (3.4) the subscript vertical bar denotes covariant differentiation with respect to A,;.
For the linear theory, we assume that N*, M*, m, g, G, h* and H” represent infinitesimal quantities of
order O(¢) and they are all zero in the reference configuration. Let
Na :N:XiAi, M“ :MaiAl', m:miA,-, f:f‘iAl', l = liAi

and let po = po(6*) denote the mass density of the surface ¥.
The linearized version of the equations of motion (2.16)—(2.18) can be written as follows:

N~ BIN® 4 pof” = poii’, N, BN+ pof* = pit’, (3.5)
M~ BIM™ —ml 1 pol = pgad . M+ ByM? — i+ polP = pyid (3.6)
ep(N? —BMP) =0,  N? —m"—B:M" =0, (3.7)
where ¢,5 is the two-dimensional alternator defined by €1, = —€;; =1, €;; = €2, = 0.
The equations of equilibrated force (2.19) become
W\, —g+pp=poap,  H*,— G+ pP = pyrath. (3.8)

As a result of linearization, all tensors are now referred to the reference configuration and covariant differ-
entiation is with respect to 4,4. In view of the moment of momentum equation (3.7);, we can define the
symmetric tensor N'** by

NP = N"* = N + BPM™. (3.9)

Using (2.21) and the invariance conditions under superposed rigid body motions, we obtain that the lin-
ear constitutive equations are

€= E(edﬁv Vis iy @, lpa (p‘ﬂa lpA/i;AO(ﬁvaﬁa Vo, 0H)7
o o o

Nlocﬁ _ MY = s i e
Po aeaﬂﬂ pOa%id7 m panf? (310)
O€

= po=— = py— = py— H* = py—.
g Poa(p7 poa%, G poaw, p”azp
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The partial derivative a% is understood to have the symmetric form

1o o
2 aeaﬁ 661;“ ’

We notice that the components N** can be determined from the moment of momentum equation (3.7),.
In the linear theory of Cosserat shells with the initial director given by (3.3) it is convenient to use the
kinematic measures

pﬁ:x:%ﬁfx_FB“ﬁy% p3a:%3“_Bgyﬁ7 (311)
and the variables
V*=N" =m"+ B:M"”, V3i=m®— B,M*. (3.12)

In view of (3.4) and (3.11), in this case the geometrical relations are

eup = Mg + up) — Buguiz, 7, = Oy + s, + Blug, (3.13)
V3 = 53, p/;d = 5/;‘“ — Bf;‘;u,“; —|—B;B/;~,u3, P3y = 53‘(1.
The equations of motion (3.5) and (3.6) can be written as
Niﬁ\a — BV + pof” = poii’, Vi, + BN + pof* = pyii?, (3.14)
M, Vg polf = pyad,  MP -V pl = pad . (3.15)
By virtue of (3.10)—(3.12), the constitutive equations can be expressed in the form
€= E(eocﬂa Yis Pioy P> lljv (p,ﬁv lp‘[i;Ax/h Baﬂ7 Vo, Hﬂ);
0€ . 0¢ . 0¢
N/az[i — N//}oz — Vi = o M* = -
poaeaﬁ7 pO ayia pO apm, (316)
0¢ 0¢ 0¢ 0¢
g p()aq07 p(]a(p‘“7 Poaw’ p()aw‘a

Here, € is a quadratic function of the variables e,g, 7, pis, @, ¥, ¢ g and Y g, which coefficients depend on
{Aa/g, Ba/;, Vo, 9'“} .

The basic field equations of the linear theory of Cosserat shells with voids are the geometrical relations
(3.13), the equations of motion (3.14) and (3.15), the equations of equilibrated force (3.8) and the consti-
tutive relations (3.16). In order to formulate the boundary initial value problem, to the field equations we
must adjoin boundary and initial conditions. Let €, (i = 1,. . .,6) be subsets of 0.%, (assumed to be a piece-
wise smooth curve) such that

G UG =%, Uby =Fs UBe =0, C NGy =6NCs=%CsNGs = 0.

The boundary conditions are

u;=1i; on% x 7, Nn, =N on% x T,
5, =06 on®;xT, M*n, =M on %, x T, (3.17)

0=, Y=y on%sxT, Wn,=h, H'n,=H on%sxJ,

where 7 = [0, c0) is the time interval and n = n,4” is the outward unit normal to 0.9, tangent to the sur-
face 7.
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We consider the following initial conditions, assumed to hold for each point 6*
ui(0%,0) = uai(6%),  i(6",0) = vai(67),
5,(0%,0) = 80 (6°),  8:(6%,0) = wuy(6%),
(07, 0) @o(07),  @(07,0) = 4 (07),
W(0%,0) = Yo (0), (07,0) = (67,

where the functions on the right-hand sides of (3.18) are prescrlbed continuous functions on .. We also
assume that i, d;, ¢ and  are continuous functions, while N', M', h and H are continuous in time and
piecewise regular on the appropriate domains.

We call solution of the boundary initial value problem a set of functions {u;,d;, @, ¥} of class C' on
Fox T and of class C*> on ¥ x 7 such that they satisfy the system of field equations (3.8) and (3.13)—
(3.16), the boundary conditions (3.17) and the initial conditions (3.18). In the remaining of this section,
we shall prove a uniqueness result concerning this solution.

Let us denote by K(¢) the kinetic energy and by U(t) the internal energy of the Cosserat shell, given by

1

K (1) :5/ po(v-v+acw-w+xl¢2+leﬁ2)da, Ul(r) =/ poeda, (3.19)
Lo So

(3.18)

where da is the area element of the reference surface .#y. Then, the balance of energy principle (2.9) for the
Cosserat shell can be written in the linear theory in the form

gt[()+U()] [,po(f-V+l~W+p¢+Px/})da+/ (N-v+M-w+hop+Hj)dl,  (320)

370
where d/ is an element of length of the boundary curve 0.%.

Remark 1. Using (3.20) we can prove by the same method as Naghdi (1972, Section 26), the uniqueness of
the solution for the boundary initial value problem, in the hypotheses that the internal energy function € is
always nonnegative and po >0, & > 0, k1 >0, x> 0.

Our purpose is to establish an uniqueness theorem without any definiteness assumptions on the internal
energy function €. To this aim, let us prove the following result, which is a counterpart of Brun’s theorem
from the classical theory of elasticity (see, e.g., Gurtin, 1972, p. 217).

Theorem 1. For any t,s € I, let
o(t,s) = /y Polf(£) - ¥(s) +1(2) - w(s) + p(1)ip(s) + P(t)s(s)] da

+ [N(2) - v(s) + M(t) - w(s) + h(t)(s) —&—H(t)t.p(s)] d/, (3.21)

0,

where the dependence on the point 0% of the above fields has been omitted for simplicity. Then, for every t € T
the following relation holds:

U(t) — K(1) :% /Ot [O(t+1,t—1)—Q(t—r1,t+7)]dr +% L [N"P(0)e,s5(2t) + V(0)y,(2t)
+ M*(0)p,,(2t) + g(0)p(20) + h*(0) o ,(20) + G(O)(2t) + H*(0) ,(2¢)] da

7% /y po[P(0) - v(22) + aw(0) - w(2t) + 11p(0)p(2t) + 129 (0)y(2t)] da. (3.22)
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Proof. Taking into account that € is a quadratic function, from the constitutive equations (3.16) it follows
that

N ey (s) + V' (0)1,(5) + M (0)p,(5) + 20 p(s) + 1 (D)9 ,(5) + GY(s) + H' (1), (s)
= N (s)eup(t) + V' (5)7:(0) + M*(5)pia() + &(5) (1) + h* (), (1) + G(s)s (1)
+H (), (1), ViseT. (3.23)
For each r € 7, let us define the function E (1) by

E(t) = N"M(t = D)ex(t + 1) + V(£ = )t + 1) + M (1 = 1)pi, (¢ + 1) + gt = 1)op(t + )

+h(t—1)p,(t+7) + Gt =)Wt +1) + H* (t — 1)y (t+1), T€[0,1]. (3.24)
In view of (3.23) and (3.24), we have
i—f = [N (t = D)eup(t + 1) + V' (t = Ot + 1) + M*(t = 1)pi, (1 +7) + gt = D) P(t +7)

+ Rt =)@t + 1) + Gt — DYt +7) + H*(t — W, (t +1)] — [N (t + t)e,s(t — 1)
TVt + )7t — 1) + M (t +0)pp(t — 7) + g(t + 1)t — 1) + 1 (t + 1), (¢ — 7)
+ Gt + )t —1) +H“(t—|—r)x.ﬁﬁx(t— 7). (3.25)

On the other hand, by virtue of the relation (3.9), the geometrical relations (3.13) and the field equations
(3.8), (3.14), (3.15) we can prove the following equality

NB(0)éy(s) + VI(0)7,(5) + M7 (1) i) + g(0)ip(s) + B (1) o (5) + GO (s) + H* (1) o(s)
= [N (0)it(s) + M7 ()3,(s) + W () p(s) + H* ((5)] , + po [/ (Die(s) + I'(0)3:(5) + p(0)(s)
P (s)] — poliit (is(s) + 78 (6)3:(s) + 151p(6) b (5) + 12t (O ()] (3.26)

for every t,s € 7. If we integrate Eq. (3.25) over &, and use relations of the type (3.26), then we obtain
d
/ 9 pryda= Ottt 4+17)— Ot +1,1— 1) +/ Do [t — ) - vt + 1)+ aw(t — 1) - wl(t +7)
o dT o dT

+ 119t — 1)t + 1) + 12 (1 — W (¢ + 1)] da. (3.27)

Finally, by integrating (3.27) with respect to 7 from 0 to ¢ and using the relation E(0) = 2p¢e, we deduce that
(3.22) holds true. This completes the proof. [

On the basis of Theorem 1 and Eq. (3.20), we can prove the following uniqueness result.
Theorem 2. Assume that the mass density py and the inertia coefficients o, k| and Kk, are positive. Then, the

boundary initial value problem (3.8), (3.13)—(3.18) has at most one solution.

Proof. Suppose that the boundary initial value problem admits two solutions. Let us denote by {u;,, 5;, p, ¥/}
the difference of the two solutions. By the linearity of the theory, we see that {u;,d;, @,/} is a solution for
the boundary initial value problem corresponding to null assigned body forces, null boundary conditions
and null initial conditions. Then, in view of (3.20) and (3.22), we deduce

K(t)=0, Vie7. (3.28)
Since pg >0, & > 0, 1 > 0 and x; > 0, the relation (3.28) yields
V=W = 07 (/) = W = 07
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and, hence,
u,:5,:90:lﬂ:0

The proof is complete. [

4. Isotropic and homogeneous materials

In this section, we specialize the linear theory of Cosserat shells and plates for the case of isotropic and
homogeneous materials and we find explicit constitutive equations. Then, we present a comparison between
the equations of Cosserat plates and the theory of plates derived from the three-dimensional equations for
elastic materials with voids.

4.1. Cosserat shells and plates

Henceforth, we confine our attention to Cosserat surfaces possessing holohedral isotropy (i.e., isotropy
with a center of symmetry). This material symmetry will place some restrictions on the constitutive equa-
tions. On the basis of arguments presented by Naghdi (1972) and Green and Naghdi (1979), we consider
that the constitutive equations (3.16) are further restricted by the condition

€(€ups —Vur V3 —Ppos P3os @ =W, @ g, =V i Aoy, — B, vo, 0)
= €(€us Vs V31 P> P3os @3 W, @ W1 g3 A, B, vo, 0"). (4.1)
Accordingly, the response function € is assumed to be of the form
2pg€ = [o4 AP A7 + 0y (A7 AP + 47°47) | epe,s + och“ﬁyayﬁ + o4(p3)* + (054" A7 + 064" AP
+ oA AY) popys + 034 p3p3p + 2004 eugys + BLAT @ 0 4 + 26247 D3, 5 + 3
+ 2ﬂ4A“ﬁe“ﬁ(p +2Bsy;¢0 + B6¢2 + 2ﬁ7A1/Jpo¢/fl// + ﬁSAaﬁlp,aWﬁ + 2/39141/;?1‘?,/57 (4.2)

where a,...,09 and f5y,. .., o are constant constitutive coefficients. From (3.16) and (4.2) we can write the
explicit forms of the constitutive equations for N'**| V/, M™, g, h*, G and H”. We mention that in the case
when 5, =0 (k=1,...,9) we obtain the constitutive equations for Cosserat shells (without voids).

In what follows, we shall record the full system of field equations for the case of Cosserat plates (i.e.,
initially flat Cosserat surfaces) in the linear theory and for isotropic materials.

The case of Cosserat plates is characterized by B,; = 0 and we remark that, in this situation, the bound-
ary initial value problem separates into two systems of uncoupled equations: one system involves the kine-
matic variables u,, d3, ¢ and represents the extensional motions (stretching), while the other involves the
kinematic variables u3, d,, ¥ and describes the bending (or flexural motions) of the plate with voids.

In order to simplify the expressions, we choose the curvilinear coordinates (0%) on ¥ to coincide with
the coordinates (x,) of the rectangular Cartesian frame Ox;x,x3. Then, 4,5 = J,5 (the Kronecker symbol)
and the covariant differentiation reduces to partial differentiation. The system of field equations uncouples
as follows:

(1) Extensional motion of a Cosserat plate
e geometrical relations

€up = %(”%/3 + Ugy), 73 = 03, P3y = 0345 (4.3)
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e cquations of motion
Nupo+ pofs = poitg, — Muzu = Vi + pols = potios; (4.4)
e cquation of equilibrated force
hao — & + pop = poi1; (4.5)
e constitutive equations

Nop = (ot1€y; + 093 + By)dap + 200e,,
Mz = o3p3, + S0, V3= a4p; + o9ey, + Bso, (4.6)

g = B30 + Baey, + Bsys, hy = B1¢ oy + Bapsy-

(ii) Bending of a Cosserat plate
e geometrical relations

Vo = 50( + Uz 4, Ppa = 5/3«1; (47)

e equations of motion

Vo4 pofs = poiis,  Magy — Vi + poly = potoy; (4.8)
e cquation of equilibrated force
Hoc,ot - G + pOP = pOKZ‘.//; (49)

e constitutive equations

Voc = %37y + ﬁ9w‘a7 Mc(ﬁ = (OCSPW + ﬁ7l/j)51ﬂ + “6p1[i + “7[)[30(7
(4.10)
G= ﬁ7py~,'+ﬁ6l//7 HV = ﬁiﬁw,a—’—ﬁ‘)ya'

The equations of the extensional theory (4.3)—(4.6) and those of the bending theory (4.7)—(4.10) for Coss-
erat plates will be compared with the results obtained from the three-dimensional theory of elastic materials
with voids in the next section.

4.2. Results from three-dimensional theory

The identification of the various tensors defined for Cosserat shells with voids (such as N W, G, .. )
with the corresponding resultants in the theory of shells derived from the three-dimensional equations of
elastic materials with voids can be accomplished in the context of the nonlinear theory, regardless of
any material symmetry assumptions, in the manner presented by Naghdi (1972) and Green and Naghdi
(1979). Herein, for simplicity and for later reference, we restrict our attention to the case of linear plate the-
ory for isotropic and homogeneous materials and we compare the equations obtained from the two differ-
ent approaches.

Consider a three-dimensional body, made from an elastic material with voids, embedded in a Euclidean
3-space. The body is referred to a system of rectangular Cartesian axes Ox;. Let « denote the displacement
vector and ej; be the strain tensor given by

*

e, =, +u,). (4.11)
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The linear equations of motion are
Lij + pofi = poily,
where 1, is the stress tensor, f;* the body forces per unit mass and p; the reference mass density.
Let ¢ designate the change in volume fraction field, /; the equilibrated stress, g* the internal equili-
brated body force and p* the assigned equilibrated body force. Then, the local form of the balance law
of equilibrated force is (see Cowin and Nunziato, 1983)

(4.12)

;=& +pop” = pord”, (4.13)
where « represents the equilibrated inertia. The functions p; and « are constant and positive.
The constitutive equations for isotropic and homogeneous materials with voids are
ty = Ae,. 0y + 2pe;; + be" oy, h = ag?, g =be + Lo, (4.14)

where 4, i, b, o and ¢ are constitutive constants.
We assume that the reference configuration of the body occupies the region
h h
B = {(xl,xz,x3) | (x1,x%2) € Z, —?0 <x3 < 30},

where 2 is an open set in the x;Ox, plane. The parameter /, is sufficiently small such that the body

occupying % represents a plate of constant thickness 4y. Let I = hg /12.
From Egs. (4.12) and (4.13) we obtain, by integration with respect to x3, the following relations

]/\\[oc[f,(x +f/} - [)07.5![}7 A//\Iod,o( - /I}S + ?3 - ,E)(]&S% ilau,:c - g +ﬁ = Z)Oxé)v (415)
and
/I}a,a +j‘3 = 1501.;37 M&/},rx - /I}/)’ + 2/)’ = pO&Slia Hoc,(z - a + ﬁ = ﬁ()fafpa (416)
where we have introduced the notations
1 ho/2 R 1 hy/2 1 ho/2
R 5,-:—/ i, = [ ¢d,
ho J -1y L J 2 ho J -2
. 1 [h/2 = ho/2 =% ho/2
W:—/ x3¢0" doxz, Noc/?:/ typdxs, Vi:/ t3;dxs,
1 —ho/2 —ho/2 —ho/2 (4 17)
R ho/2 . ho/2 ho/2 :
R B A e L
—ho)2 —ho/2 —ho)2
R ho/2 R ho/2 ho/2
H,= / x3h, dxs, G= / x3g" dxs +/ hydxs,
“ho)2 “ho)2 —ho/2
and
N ho/2 ) ho )
fi:/ pgj;*dx3+2t3[ (X],)Cz,j,t), pOZhOpSa
—ho/2
R ho/2 ho
li:/ pSX3fi*d)C3—|—h()tg?—) (x17x2,27t>, 5(:1/]’!(),
—ho)2
h[;]/Z N (4.18)
p:/ pip" dxs + 285 (xl,xz,—o,t>, i = il /h,
—ho/2 2

=R ho/2 «(+) ho
P = / poxap” dxs + hohy (x17x2,27f>-

ho/2
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In (4.18) we have designated by /") and /) the expressions
SO (1,50, x3,1) = ety xa,x3,8) + f (31,2, —x3, 1)
SO (x1,x0,x3,1) = %[f(xl,xz,)@, t) — f(x1,x2, —X3,t)],
for any function f defined on # x 7.

Remark 2. In view of (4.11), (4.14), (4.17) and (4.18) we observe that Egs. (4.15) involve only the variables
ui™t, uz(f) and ¢*™, while Eqgs. (4.16) involve only the variables ui ", uz(ﬂ and ¢*7). This property
expresses the uncoupling between the extensional and bending deformations (see, e.g., Eringen, 1967, 1998).
Thus, (4.15) represent the equations for the extensional motions, while (4.16) are the bending equations of

the theory of plates with voids.

Basic assumptions of the plate theory allow a general representation as a polynomial in x3 for the dis-
placement vector u; and for the volume fraction field ¢”, but we restrict attention to the approximation

u; (x1,x2, %3, ) = i;(x1, %2, 1) +x33i(x1;x27t)» @ (x1,%2,X3,1) = P(x1,%2,1) +X31/A/(X1,xz, 1), (4.19)

for every (xi,xy,x3,1) € B x T .

By virtue of (4.11) and (4.14)—(4.19), we obtain that the governing equations for plates with voids derived
from the three-dimensional theory are of the same form as Eqgs. (4.3)-(4.10) for Cosserat plates. In making
such comparison, we identify p,, i;, 5,, o, l// N ufs V,, M s Py g, H o G respectively, with pg, u;, d; @, ¥,
N, Vi, My, hy, g, H,, G and also

fi=pfs  Li=pli,  P=pp. P=pP, b=8 k=K, K=k, (4.20)

Remark 3. In view of the identifications ¢ = @, ¥ = 1/} and the relation (4.19),, we have

| [h/2 1 [h/2
<P=h— @" dxs, lﬂzh—/ <P*quz
0 J—ho/2 0 J—hy/2
Thus, we can interpret the fields ¢ and s associated to each point of the Cosserat surface as the average vol-
ume fraction and the average volume fraction gradient through the shell thickness, respectively. We see that
¢ enters the extensional problem (4.3)—(4.6), while i is involved only in the bending problem (4.7)—(4.10).
In the case when we do not take into account the variations of the volume fraction along the shell
thickness, we obtain the theory of Cosserat shells with voids presented by Birsan (2000b, 2005) which
accounts only for the changes in volume fraction along the middle surface of the shell. The equations of this
theory can be derived from the developments of the present paper, by assuming that the internal energy
response function e do not depend on y and i g. (For the isotropic case, this is equivalent to put
PBs = P7= Ps = Po = 0 in the constitutive equations.)

Remark 4. We observe that the relations (4.19) are satisfied in the case of Mindlin-type plates. The equa-

tions of bending for elastic plates with voids obtained in this section have been studied recently by Scarpetta
(2002) and Birsan (2003b, in press) in the context of the theory of Mindlin-type plates.

5. Determination of the constitutive coefficients

In the constitutive equations for Cosserat shells (3.16), (4.2) most of the constitutive coefficients
o1, .09, 1, .., P9 can be identified by comparison of certain simple solutions with corresponding exact
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solutions in the three-dimensional theory of elastic materials with voids. The purpose of this section is to
determine the constitutive coefficients by considering two elastostatic problems: the pure bending of a rect-
angular plate with voids and the extensional deformation of a plate subject to hydrostatic pressure. For the
theory of Cosserat surfaces (without voids) the identification of constitutive coefficients has been discussed
in several works (see, e.g., Naghdi, 1972, Section 24).

5.1. Pure bending of a plate

Consider a rectangular Cosserat plate with voids in equilibrium, whose reference configuration is
bounded by the lines x; = ay,a, and x, = by, b, in the x; Ox, plane. We assume that the assigned body forces
are null, i.e.,

fi=lp=P=0. (5.1)
The plate is bent by uniform couples M, and M, acting along the edges x; = constant and x, = constant,
respectively, while the equilibrated stress vanishes on the edges. Thus, the boundary conditions are

My =M, Mp=V,=0, H =0 on x; = ay, ay,

N (5.2)
My =M, My=V,=0, H,=0 on x, = by, by,

where M ,» (y = 1,2) are prescribed constants. The relevant field equations for the bending problems of Coss-
erat plates with voids are (4.7)—(4.10). We search for a solution of these equations (in the case of equilib-
rium) such that

7y =0, o = Cu, P = Cy, P12 =0, = Cs, (5.3)

where C, C,, C3 are some constants to be determined.
Using (4.7) and (5.3), we obtain

Uz = -Cy, Uz = —Cs, Uz = 0, 0y = —U3 4,
and, hence,
uy = —3(Cx} + Cox3), 0y = Cixy, 0y = Crx3, Y = Cs, (54)

where we have neglected a rigid body displacement field of the Cosserat plate.

In view of (4.10) and (5.1), we see that the equilibrium equations corresponding to (4.8) are verified.
Then, we can determine the constants C; (i =1,2,3) from the equation of equilibrated force (4.9) and
the boundary conditions (5.2). These relations reduce to the algebraic system

(o5 + ag + 07)Cy + 05Cy + f;C3 = M,
o5Cy + (a5 + 0 + 07)Ca + B,Cs = Mo, (5.5)
B:C1 + B,C2 + BsC3 = 0.

Thus, the solution of the problem considered is given by (5.4) and (5.5).

Consider now the corresponding problem for a three-dimensional rectangular plate made from an iso-
tropic and homogeneous material with voids, which in its reference configuration occupies the region
ho ho
B = (XI,XZ,X3> |a1 <x1 < a,b <X2<b2,—E<X3 <? . (56)
The differential equations which govern the equilibrium of this plate are (4.11)—(4.14) (written for the
static case) and we assume that the body forces f;* and p* are null. The boundary conditions are the
following:
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(a) there are no stresses or equilibrated stresses acting on the top and bottom surfaces of the plate, i.e.,

h
=0, h,=0 onx3:i?0. (5.7)

(b) the normal stresses #1; and 75, acting on the edges x; = a,a, and x, = by, by, respectively, create (uni-
form) net bending moments M; and M,, given by

ho/2 _ ho/2 "
/ X3t d.X'3 = M] on x; = ap,a, / X3t22d.X3 = M2 on x, = b],bz. (58)
—hy/2 —hy/2

(c) except for the bending moments (5.8), there are no net forces, torques or bending moments acting on
the edges x; = ay,a, and x, = by, b, of the plate. Also, the equilibrated stress is null on the edges, i.e.,

hT =0 on X = dap,a, h; =0 on Xy = b],bz. (59)

The problem formulated above, concerning the pure bending of a (three-dimensional) plate with voids,
has been considered previously by Cowin and Nunziato (1983). They have obtained the following solution

for this problem
! d ) x3 ho\ ™'
3 (1 — = o)RH§>x3 — 15 (coshg> (COShZ_IO) ,
= = . X3 ho -l
¢" = —(Ci + C2)RHg |x3 — Iy sinh—= | { cosh_—~ ,
Iy 21,
(5.10)

where 6‘1, 62 are some constants, while o, Hy, Iy and R are constant expressions given in terms of the con-
stitutive coefficients A, p, b, o and & by

i b 1 &—bH, R_2yl§

:2(2—5—;1)’ T g o o

* = * =
uy = Cix1xs, uy = Crxaxs,

L R .
uy = _E(Clx% + Cox3) + (C1 + C2)RH;

(5.11)

The significance of these material parameters has been discussed by Cowin and Nunziato (1983) and Puri
and Cowin (1985). Thus, ¢ corresponds to Poisson’s ratio, /, is a material coefficient of dimension length
and Hj, R are dimensionless numbers. It is shown that [, is always real and H,, R are positive. Let us also
introduce the geometric factor S given by (see Puri and Cowin, 1985)

1205 (ho ho
S=1--—"2(=—2tanh - 0<S<1). 5.12
o (2-2amngy) ©<s<y (5.12)
We define the constant C by the relation
N 1 [h/2
C3 = - / X3§D*dX3. (513)
1 —ho/2

From the boundary conditions (5.8) and the relations (5.10)4, (5.13), we obtain the following system for
the determination of the constants C; (i =1,2,3)

Dal +0D62+ (1 — O')DH()&; = Ml,

JD61+D62+(1—0')DH063:M2, (514)

(1- J)DHOE‘I +(1- a)DHoaz +%63 =0.
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We have employed the notations

w34+ 2u) Ehg I
E=———+ C= D=—-C 5.15
a— o 7 (5.15)

where E represents Young’s modulus and D is the flexural rigidity of the plate. We remark that the relations
(5.10) yield
1 ho/2 1 1 [h/2 .

uydx; = ﬁ(éle + E’zx%), 7 / x3u, dx; = Cyx, (o not summed), (5.16)

ho J_n2 2 ho/2

where we have neglected a rigid body displacement field in writing (5.16);.

We are now in a position to compare the two solutions for the bending problem of a rectangular plate
with voids obtained in the two different approaches. In line with the identifications made in Section 4.2,
from the relations (4.17), (5.4), (5.13) and (5.16) we deduce that C; = C; (i =1,2,3). Then, in view of the
system of equations (5.5) and (5.14), the two solutions coincide provided we set

1—-0)D
065+OC6+CX7:D, OC5ZO'D, ﬂ7:(1—G)DH07 ﬁéz%. (517)
Using the same arguments as Naghdi (1972), we choose o = o7 and, hence, from (5.17) we obtain
1- 1—0)D
os = oD, o =07 = 20D7 [36:%, B, = (1 — 0)DH,. (5.18)

5.2. Extensional deformation of a plate subject to uniform hydrostatic pressure

Let us consider a rectangular Cosserat plate in equilibrium bounded by the lines x; = a;,a4, and
Xy = by, by. The plate suffers an extensional deformation due to constant forces per unit length N, and
N, along the edges x; = ay,a, and x, = by, b,, respectively, and to a uniform hydrostatic pressure. We as-
sume that fz = p = 0. In view of (4.4) and (4.5), the equilibrium equations for this case are

Nmﬁ,[x = 0, Mz, —Vs+ [)013 e 0, hyy — g= O, (519)

where po/; is a constant which accounts for the uniform pressure prescribed on the surfaces of the plate and
its significance will be clarified later in this section.
The appropriate boundary conditions are

Ny=Ni, No=M;3=0, h=0 on x; = aj, a,

~ (5.20)
Ny =Ny, Ny=M»xy=0, h,=0 on x; = by, b,.
We search for a solution of this problem such that
e =Ky, en = Ky, e =0, 73 = K3, ¢ =Ky, (5.21)
where K; (i=1,...,4) are constants. Then, from the geometrical relations (4.3) we find that
u, = Kxy, u, = Koxy, 03 = K3, ¢ =Ky, (5.22)

except for a rigid body displacement field. Using the constitutive relations (4.6) and imposing that the
boundary conditions (5.20) and the equilibrium equations (5.19) be satisfied, we obtain that the constants
K; (i=1,...,4) verify the algebraic system of equations

(o1 + 20)K | + 0K, + 09K3 + fyKs = N1, 0Ky + (o 4 20)Ky + 09K + fuKs = No,

(5.23)
00K + 09Ko + ouKs + 5Ky = pyls, BuK i + ByK; + BsK3 + B3K4 = 0.
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Relations (5.22) and (5.23) give the solution of the problem.

In what follows we consider the same problem formulated for a three-dimensional plate of constant
thickness /y. Thus, we study the equilibrium of a plate with voids which occupies the region (5.6) in its ref-
erence configuration. The body forces f;*, p* are vanishing and the boundary conditions are specified by

tllzﬁl/hOa a=t3=0, mh=0 on x; = ai, as,
In = N2/h03 1 =1t3=0, hh=0 on x, = by, by, (5.24)
13 = —Do, B3 =13 = 0, h3 =0 on x3 = :l:ho/z,
where po designates the uniform hydrostatic pressure acting on the top and bottom surfaces of the plate.
The field equations are (4.11)—(4.14), written for the static case.
We search for the solution of this elastostatic problem in the form
u! = Kx; (i not summed), 0" =Ky, (5.25)

where K; (i = 1,...,4) are some constants. By virtue of (4.11) and (4.14), we obtain that the boundary con-
ditions (5.24) and the equilibrium equations reduce to the relations

(/1+2,U,)[?1 +/1[?2+/11?3 +b1/€4 :Nl/ho, /1[?1 +(/1+2u)IA<2+MA(3 +b]?4 = ]A\?z/h(),

~ ~ ~ ~ ~ ~ ~ ~ (5.26)
/1K1 + AKQ + (;» +2,Lt)K3 + bK4 = —Po» bK1 + bK2 +bK3 + 5K4 = O,
which allow us to determine the constants K ; (i=1,...,4). For the solution (5.25), we have

1 ho/2 R

— u,dx; = K,x, (o« not summed),

ho J 2 (5.27)
1 /2 R | [h/2 R :
—/ X3M§dX3:K3, —/ qD*dX';:K4

I J o ho J 2

We are now able to compare the two solutions obtained in the two different approaches of the problem
considered. In view of the identifications made in Section 4.2 and the relations (4.17),_3, (5.22) and (5.27),
we derive that K; = IA<,- (i=1,...,4). Using (4.18),, (4.20), and the boundary conditions (5.24) we see that,
in our case, we have

pols = —hopy. (5.28)
Hence, by comparison between the systems (5.23) and (5.26), we may identify
oy 4 200 = og = (A4 2p)ho, o = og = Ahy, Py = Bs = bhy, By = Eho. (5.29)
Using the notations (5.15), the relations (5.29) can be written as
2
d]zdgz%c, az:I_TGQ oc4:(::26()7 C, B3 = Eho, B4 = Bs = bhy.
(5.30)

This completes our consideration of simple elastostatic problems for plates with voids. To recapitulate,
in (5.18) and (5.30) we have determined the constitutive coefficients oy, o, o4, o5, tg, %7, %o and f3, a4, Bs, P,
p7 . We mention that the values for the coefficients «; obtained in (5.18); » and (5.30);_; coincide with the
identification of the constitutive coefficients given by Naghdi (1972) for Cosserat surfaces without voids.

Two other coefficients, namely f, and fo, can be identified by comparison between the constitutive equa-
tions (4.6), (4.10) and the relations obtained by substituting (4.11), (4.14) and (4.19) into (4.17). This pro-
cedure suggests the values

By=0,  fy=0. (5.31)



M. Birsan | International Journal of Solids and Structures 43 (2006) 3106-3123 3123

The constitutive coefficients a3, og, f; and fig remain unspecified and they have the orders of magnitude
o3 = O(0), oy = O(D), B, =0(0), fs = O(D). (5.32)

Similar arguments as those presented by Naghdi (1972, Section 24), suggest that it is preferable to allow
these coefficients to have different possible values, depending on the particular context in which the theory
of Cosserat shells is used.

Finally we remark that, although the values of a; and f; (k= 1,...,9) have been determined for Cosserat
plates, the identification of the constitutive coefficients (5.18), (5.30)—(5.32) is also valid for shells. Indeed,
this fact can be deduced from the constitutive equations for Cosserat shells (3.16), (4.2) and the develop-
ments of Section 4.1.
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